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Introduction

In this module, we use machine-learning tools to solve high-dimensional problems in continuous time.

e We introduce the Deep Policy Iteration (DPI) method, proposed by Duarte, Duarte, Silva (2024).

e |t combines stochastic optimization, automatic differentiation, and neural-network function approximation.

We proceed in two steps.

1. We show how to overcome the three curses of dimensionality.

2. We describe a range of applications of the DPI method in asset pricing, corporate finance, and portfolio choice.

The module is organized as follows:

1. The Hyper-Dual Approach to It6's lemma
2. The DPI Method

3. Applications
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. Dealing with the Three Curses
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The Dynamic Programming Problem

Consider a continuous-time optimal control problem in which an infinitely lived agent faces a Markovian decision process (MDP).

e The system’s state is represented by a vector s, € R"

e Thecontrolisavectorc: € I'(s;) c RP.

The agent’s objective is to maximize the expected discounted value of the reward function u(c;):

*® |
V(s) = max E [/ e’ptu(ct)dt: so =S|,
0

{¢; };0:0

subject to the stochastic law of motion

dSt = f(St, Ct)dt + g(St, Ct)dBt.

where B; is an m x 1 vector of Brownian motions, f(s;,c;) € R" is the drift, and g(s;, ¢;) € R™is the diffusion matrix.

@ The HJB Equation.
The value function V (s) satisfies the Hamilton-Jacobi-Bellman (HJB) equation:

0= mlg(x) u(e) — pV(s) + vsV(s) - f(s,c) + %Tr(g(s,c)HsV(s)g(s,c)),

where vV (s) and Hy V (s) denote, respectively, the gradient and Hessian of the value function.
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Dealing with the Three Curses

As discussed in Module 1, dynamic programming methods face three intertwined computational obstacles:

15t curse 2" curse 3" curse

Representing V (s) Solving for ¢ given V (s) Computing E[V ()]

In this module, we present an algorithm that addresses each of these curses using modern machine-learning tools:

1. Neural networks provide compact representations of value and policy functions, circumventing the curse of representation;

2. Stochastic optimization replace costly root-finding procedures, alleviating the curse of optimization;

3. Automatic differentiation enables efficient computation of drift terms needed for the HJB, mitigating the curse of expectation;
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ll. Overcoming the Curse of Expectation
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From integration to differentiation

In discrete time, the Bellman equation involves the expectation of the continuation value:
E[V(s)] = /-~-/V(s +£(s,c)At + g(s, )Vt Z)P(Z)dZ: -+ dZm,

where ¢(Z) is the joint density of the shocks.

In continuous time, the expected change in the value function can be written as
E[dV(s)] = VsV (s) - f(s,c) + %Tr(g(s, ¢)HsV (s)g(s, ¢)),

Hence, instead of computing high-dimensional integrals, we only need to compute derivatives of the value function.

@ Computational challenge.

One could use finite differences to compute these derivatives

e But storing the solution on a grid becomes infeasible in higher dimensions.

Suppose n = 10 and we use a grid of 100 points for each state variable.

* Then, just to store the grid in memory, we would need 10'” terabytes of RAM.
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Comparing the Computational Costs

To illustrate the computational challenge, we study a simple example.

Consider the following function: A high-dimensional problem with n = 100 state variables
V(s) = zn: Si2’ e We evaluate the drift at the points = 1,«;.
im1 e We focus on the case of a single shock (m = 1).

wheres = (s1,...,Sn) is a vector of state variables.

We consider initially the following methods to compute the drift E[dV (s)]:

1. Finite differences

2. Naive autodiff

Q Comparing the Computational Costs.
Method FLOPs Memory Error
1. Finite differences 9,190,800 112,442,048 1.58%
2. Naive autodiff 2,100,501 25,673,640 0.00%

Even the naive autodiff method is computationally costly and memory intensive.

¢ The naive method computes the Hessian by nested calls to the Jacobian function
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Overcoming the Curse of Expectation

One of the key insights from Module 4 is that the Jacobian-vector product (JVP) can be efficiently computed.

e Much less expensive than forming the full Jacobian.

In the absence of shocks, computing the drift of V' (s) amounts to evaluating a JVP:
E[dV (s)] = VsV (s) "£(s, c)dt,

which can be efficiently computed using forward-mode AD.

In the presence of shocks, the drift also depends on quadratic forms involving the Hessian of V (s).

¢ Inthis case, a JVP is no longer sufficient.

The Hyper-dual approach to I1t6’'s lemma extends the idea of dual numbers to compute the drift of V (s).

e Regular dual numbers only store the function value and its derivative.

e Hyper-dual numbers store the function value, its drift, and its diffusion matrix.
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The Hyper-Dual Approach to ltos lemma

The next result formalizes the hyper-dual approach to [td’s lemma.

¢ |t reduces the problem of computing the drift of V' (s) to evaluating the second derivative of a univariate auxiliary function.

@ Hyper-dual I1t6’s lemma

For a given s, define the auxiliary functions F; : R — R as

o) = 86 19 2
Fl(e,s)—V<s+ 3 €+ 2m€>,

where f(s) is the drift of s and g;(s) is the i-th column of the diffusion matrix g(s).

Then:

Diffusion: The 1 x m diffusion matrix of V (s) is Drift: The drift of V (s) is

VvV (s)'g(s) = v/2[F](0;8),F}(0;s),... ,F,(0;8)]. DV(s) = F"(0:5) where F(e:s) = iF'(e' $)
i=1

An implication of the hyper-dual approach is that the computational complexity is
O(m x cost(V (8))),

which is independent of the number of state variables.
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Julia Implementation

It is straightforward to implement the hyper-dual approach to I1t6’s lemma in Julia.

using ForwardDiff, LinearAlgebra

V(s) = sum(s.”2) # example function

n, m = 100, 1 # number of state variables and shocks
s@, f, g = ones(n), ones(n), ones(n,m) # example values

# Analytical drift
Vf, H = 2%s@, Matrix(2.0%I, n,n) # gradient and Hessian
drift_analytical = Vf'xf + 0.5%tr(g'*xHxg) # analytical drift

coNNOY UL, WN -

(o]

10 # Hyper-dual approach
11 F(e) = sum([V(s@ + gl:,il*e/sqrt(2) + f/(2m)*e”2) for i = 1:ml)
12 drift_hyperdual = ForwardDiff.derivative(e —> ForwardDiff.derivative(F, €), 0.0) # scalar 2nd derivative

To verify correctness, we can compare the analytical and hyper-dual drifts:

1 # Compare
2 drift_analytical, drift_hyperdual

(300.0, 300.0)
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Computational Cost

This figure shows how the cost of computing the drift of a function V' scales with the number of state variables and Brownian shocks.

e The cost is independent of the number of state variables.

e |tincreases linearly — instead of exponentially — with the number of Brownian shocks.
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Notes: Cost is measured as the execution time of %(s) relative to that of V' (s). The left panel fixes m = 1 and varies n from 1 to 100; the right panel fixes n = 100 and varies m from

1to 100. In this example, V is a two-layer neural network, and execution times are averaged over 10,000 runs on a mini-batch of 512 states.
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Computational Cost (continued)

We benchmark the performance of the hyper-dual approach to It6’s lemma by comparing the execution time of alternative methods.

¢ |n addition to finite differences and naive autodiff, we also consider the analytical expression for the derivatives

The hyper-dual It6’s lemma method is faster and less memory-intensive than using the analytical expression for the derivatives.

Method FLOPs Memory Error
1. Finite differences 9,190,800 112,442,048 1.58%
2. Naive autodiff 2,100,501 25,673,640 0.00%
3. Analytical 20,501 44,428 0.00%
4. Hyper-dual [t 599 6,044 0.00%

13 /63


file:///Users/dejanir/Documents/GitHub/ML_Course/quarto/_site/index.html

lll. The Deep Policy lteration Algorithm
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Overcoming the Curse of Representation

Our objective is to compute the value function V (s) and policy function ¢(s) satisfying the coupled functional equations:

0 = HIB(s, ¢c(s), V (s)), c(s) = arg max) HIB(s,c,V (s)),

cel'(s

where
HIB(s,c,V) = u(c) — pV + ViV (s) - f(s,c) + %Tr(g(s,c)HsV(s)g(s,c)),

and f(s, ¢) is the drift of s and g(s, ¢) is the diffusion matrix.

To solve for V(s) and ¢(s) numerically, we must represent them on a computer.

e Atraditional approach is to discretize the state space and interpolate between grid points.

¢ In Module 4, we showed that such grid-based approximations can be viewed as shallow neural networks with fixed breakpoints.

Neural networks generalize this idea

e [t allows us to learn flexible breakpoints and nonlinear combinations of basis functions.

e A DNN can approximate complex value and policy functions with relatively few parameters.
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Overcoming the Curse of Optimization

We now turn to the challenge of training the DNNs to satisfy the functional equations above.

¢ Akeydifficulty lies in performing the maximization step efficiently, without resorting to costly root-finding procedures.

Our approach builds on generalized policy iteration (see, e.g., Sutton, Barto (2018))

¢ Combining with deep function approximation, alternating between policy evaluation and policy improvement.
e This leads to the Deep Policy Iteration (DPI) algorithm.

The algorithm proceeds in three stages:

1. Sampling
2. Policy improvement

3. Policy evaluation

Q Simplifying assumptions.

For clarity, we make several simplifying assumptions that can be relaxed in practice.

1. We adopt plain stochastic gradient descent (SGD) for parameter updates.
2. We perform exactly one iteration of policy evaluation and policy improvement at each update.

3. We use a quadratic loss function for the policy evaluation step.
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Step 1: Sampling

We begin by sampling a mini-batch of states {s; {=1 from the state space.

e This can be done using a uniform distribution within plausible state-space bounds.

e Alternatively, we can use an estimated ergodic distribution based on previous iterations.
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Step 2: Policy Improvement

The policy improvement step involves solving the maximization step for each state in the mini-batch.

¢ This step can be computationally demanding and lies at the heart of the curse of optimization.

@ Generalized policy iteration.

In Module 3, we introduced the policy function iteration, which alternates between policy evaluation and policy improvement steps.

* Inthe policy evaluation step, we solve for the new value function V., (s) given the policy ¢,(s).

¢ Inthe policy improvement step, we solve for the new policy ¢, (s) given the current value function V,,,; (s).

However, when the initial guess for V' is far from optimal, fully solving the maximization problem at each iteration is inefficient.

e This motivates an approximate policy improvement step that performs only a single gradient-based update in the direction of improvement.

Fix the current parameter vectors for the value and policy functions, G{,‘l and Gé‘l .

o Evaluate the value and policy functions at the mini-batch of states: Vj_; = V (s;; 9{,—1 yandc¢j_1; = c(si; Gé_l ).

e Wecanusethe {s;,Vj_1;,cj_1 }L] as a training data to update the policy function.
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Step 2: Policy Improvement (continued)

Our goal is to choose the policy function to maximize (or minimize minus) the value of the HJB operator

e We can then define the loss function as follows:
1 4
— e — . '_1 ._]

where HIB(s;, 05", 0) = HIB(si, ¢jo11, Viei)-

We perform one step of gradient descent on the loss function to update the policy function parameters:

@ Policy improvement step.

1
6. = et ;1 HIB(s;, 05,00,

where 7 is the learning rate controlling the step size in parameter space.
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Step 3: Policy Evaluation |

We now update the value function given the new policy parameters, 910

¢ We present two alternative update rules, each with distinct trade-offs.

The first rule mirrors the explicit method for finite-differences in Module 3.

e Consider a false-transient formulation that iterates the value function backward in (pseudo-)time:

V(s:6))-Visi; 05"
At

= HJB(s;, 0.6, ") = V(s;6))=V(si;6 ")+ HIB(s:,6L,0, AL,
| R L L L Ll i il
target value Vf_l

where the HJB is evaluated at the new policy parameters, G’C but old value function parameters, 6‘{,‘1 .

j—1
This turns the problem into a supervised learning task given the training data {s;, V? -
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Step 3: Policy Evaluation | (continued)

Define the loss function as the mean-squared error between the target value and the value function:
1 < -1
£(6y) = - ;‘,(V(si; &) -V ),
Evaluating the gradient at &' yields

I
. At . .
Vo, £(8)") =~ > HIB(s.6(. 6] Ve, V(si:60),
i=1

Taking one step of gradient descent, the corresponding update rule is:

@ Policy evaluation step.

. . At u . . .
6) =6} +nv— ) HIB(si.60.6))Ve,V(sii6)).
i=1

where ny is the learning rate.
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Step 3: Policy Evaluation I

The second rule mirrors the implicit method for finite-differences in Module 3:

V(s;6)-V(si; 60"
At

= HIB(s;,6..,6]),

As in the implicit finite-difference method, we can take the limit as At — .

In this case, the loss function becomes MSE of HJB residuals: The gradient is given by
1 I 1 I . .

Evaluating at 6/, yields

@ Policy evaluation step 2.

1
. . 1 A A
6) =6 —nv > HIB(s:. 60,6, Ve, HIB(si. 6.6},
i=1

where ny is the learning rate.
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The Deep Policy lteration Algorithm

We can now summarize the complete algorithm:

Algorithm: Deep Policy Iteration (DPI)

Input: Initial parameters &Y, and 6%

Output: Value function V (s; 8y ), policy function c(s; 6¢)
Initialize: j < 0

Repeatfor j=1,2,...:

1. Sampling:
Sample a mini-batch of states {s; }/_; .

2. Policy improvement (actor update):
Update 8¢ with one step of gradient descent on the loss function.

3. Policy evaluation (critic update):
Update 6y using the explicit or implicit policy evaluation step.

O The trade-off between the two update rules.

Minimizing the Bellman residual directly is known to be more stable but it is often slower than iterative policy evaluation.

* Moreover, the implicit policy evaluation step requires relatively costly third-order derivatives, since v, HIB(s;, O’C ,0v) involves the Hessian of V.

e Asarule of thumb, it is preferable to start with the explicit policy evaluation step for speed, and switch to the implicit policy evaluation step if necessary.
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IV. Applications: Asset Pricing
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Asset Pricing: The Two-Trees Model

Next, we apply the DPI algorithm to solve a variety of economic and financial problems.

e We focus on three canonical domains of finance: asset pricing, corporate finance, and portfolio choice.

e Weillustrate how the DPI algorithm can be applied to solve a variety of economic and financial problems.

To start, we consider the familiar two-trees model from Module 3.

The pricing condition for a log investor implies The price-consumption ratio v; satisfies the HJB equation:
* 1
v = E l/ e PS5, ds] , pv =5 —vs 207s(1 — 5) (s - %) + 5 Uss (20252(1 - s)z),
0

where the relative share process s; evolves as with boundary conditions v(0) = 0 and v(1) = 1/p.

ds; = =20"s,(1 = s¢) (st = 1) dt + o5:(1 = 5:)(dB1 — dB2y).

It is straightforward to solve this one-dimensional problem using finite differences or collocation methods

e But we solve it here using the DPI framework to illustrate the workflow.
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Julia Implementation

We now implement the two-trees model in Julia, starting with the model struct.

@kwdef struct TwoTrees

p::Float64 = 0.04

o::Float64 = sqrt(0.04)

M::Float64 = 0.02

Ms::Function = s —> @. -2 *x 0”2 * s x (1-s) *x (s-0.5) # drift of s

0s::Function = s —> @. sqrt(2) * o x s x (1-s) # diffusion of s
end;

m = TwoTrees()

TwoTrees(0.04, 0.2, 0.02, var"#6#10"{Float64}(0.2), var"#7#11"{Float64}(0.2))

We next implement the hyper-dual approach to Ito’s lemma to compute the drift and diffusion of the state variable s.

using ForwardDiff
function drift_hyper(V::Function, s::AbstractMatrix, m::TwoTrees)

F(e) = V(s + m.os(s)/sqrt(2)*e + m.us(s)/2xe”2)

return ForwardDiff.derivative(e —> ForwardDiff.derivative(F, €), 0.0)
end;

To validate the implementation, we can compare the analytical and hyper-dual drifts:

using Random

rng = Xoshiro(0)

s = rand(rng, 1, 1000)

# Exact drift for test function

V_test(s) = sum(s.”2, dims = 1)

drifts_exact = map(1:size(s, 2)) do i
W, H=2 % s[:,i], 2 % Matrix(I,length(s[:,il),length(s[:,1i]))
VV' % m.ps(s[:,i]) + 0.5 % tr(m.os(s[:,1])"' * H % m.os(s[:,1]))

end'

drifts_hyper = drift_hyper(V_test, s, m)

errors = maximum(abs.(drifts_exact - drifts_hyper))

1.734723475976807e-18
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Neural Network Implementation

We now implement the neural network representation of the value function.

using Lux

model = Chain(
Dense(1 => 25, Lux.gelu),
Dense(25 => 25, Lux.gelu),
Dense(20 => 1)

)

Chain(
layer_1 = Dense(1 => 25, gelu_tanh), # 50 parameters
layer_2 = Dense(25 => 25, gelu_tanh), # 650 parameters
layer_3 = Dense(20 => 1), # 21 parameters
) # Total: 721 parameters,
# plus @ states.

We initialize the parameters and optimizer state using the Adam optimizer with a learning rate of 1073.

using Optimisers

rng = Xoshiro(0)

ps, ls = Lux.setup(rng, model) |> f64
opt = Adam(1le-3)

os = Optimisers.setup(opt, ps)

(layer_1 = (weight = Leaf(Adam(eta=0.001, beta=(0.9, 0.999), epsilon=1.0e-8), ([0.0; 0.0; .. ; 0.0; 0.0;;]1, [0.0; 0.0; .. ; 0.0; 0.0;;

We define the loss function as the mean-squared error between the value function and the target value.

loss_fn(ps, ls, s, target) = mean(abs2, model(s, ps, 1s)[1l] - target)

# Target value function

function target(v, s, m; At = 0.2)
hjb = s + drift_hyper(v, s, m) — m.p * v(s)
return v(s) + hjb *x At

end;
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Training the Neural Network

We now train the neural network using the Adam optimizer.

1 # Training loop
2 loss_history = Float64[]
3 for i = 1:40_000
4 s_batch = rand(rng, 1, 128)
5 tgt = target(s—> model(s, ps, 1ls)[1], s_batch, m, At = 1.0)
6 loss = loss_fn(ps, ls, s_batch, tgt)
7 grad = gradient(p —> loss_fn(p, 1ls, s_batch, tgt), ps)I[1]
8 0s, ps = Optimisers.update(os,ps, grad)
9 push!(loss_history, loss)
10 end
[l p—_
=== FExact
1073 | 20 |-
15
10 |
1076 [
5 -
oL |
‘ ‘ ’ ‘ 0.00 0.25 0.50 0.75 1.00

|
0 25 50 75 100
iteration (in thousands)

)

DPI prediction vs.@nalytical solution.
Training loss over iterations. 28 /63
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The Lucas Orchard Model

We now extend the two-trees model to a multi-tree economy, known as the Lucas orchard model (see, e.g., Martin (2013)).

e By varying the number of trees, we can examine how the DPI algorithm scales with the dimensionality of the state space.

Consider a representative investor with log utility who can invest in a riskless asset and N risky assets.

e Eachrisky asset i pays a continuous dividend stream D; ; that follows a geometric Brownian motion:

dDi;
Di;

= uidt +0idBj;,

where each B;; is a Brownian motion satisfying dB;; dB j; = O fori # j.

@ The HJB equation.

Define the vector of state variables s; = (si, ... ,Sn¢)", wheres;; = D;;/Crand C; = X Ii\il Di;.

* lLetuv;; = P;;/C; denote the price-consumption ratio of asset i.

¢ The pricing condition for a log investor implies
1
P Ui(S) = 8; + VsUi(s) 1 (s) + > Tr o5 () Hyvi(s)as(s))]

subject to the boundary conditions v;(0) = 0 and v;(1) = 1/p.
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Julia Implementation

We now implement the Lucas orchard model in Julia.

e The workflow of the DPI algorithm for the Lucas orchard model is virtually identical to that for the simple two-trees model.

As usual, we start by defining the model struct.

@kwdef struct LucasOrchard
p::Float64 = 0.04

N::Int

10

o::Vector{Float64} = sqrt(0.04) * ones(N)
u::Vector{Float64} = 0.02 * ones(N)
pc::Function = s —> p' * s
oc::Function = s —> [s[i,:]' * o[i] for i in 1:N]
Ms::Function = s —>
0s::Function = s —>

end;

s
[s

sk ([ ==

i ? olil

: 0 for j in 1:NI]

ok (0 .- pe(s)- s.%0.72 .+ sum(oc(s)[i].72 for i in 1:N))
.— oc(s)[i]) for i in 1:NI]

# Instantiate the model

using Distributions, Random
LucasOrchard(N = 10) # number of assets

m
rng, d
s_samples

MersenneTwister(@), Dirichlet(ones(m.N)) # Dirichlet distribution

rand(rng, d, 1_000) # N x 1_000 matrix
m.Us(s_samples) # N x 1_000 matrix

10x1000 Matrix{Float64}:

4.
-0.
Q.
0.
Q.
-2.
0.
2
-0.
0.

24309e-5

000259516
000193812
000118302
000187861
52101e-6

000199586

.76043e-5

000704084
000196524

Voo h~,hr,hooooo

. 000237275
. 000134325
. 000154873
. 00023403

. 000109689
.92026e-5

.887e-6

. 000877846
.64787e-5

.00425e-5

. 000815818
. 000132953
. 000418759
. 00379805

. 000126233
. 000566168
.50461e-5

. 000535931
. 000686905
. 000440236

[SENSEUS IS RS ISR S B RN Soe]

.57681e-5
.000550971
. 000564647
.65856e-5
.000119859
. 00054645
.000573028
.000335935
.00331773
.00051449

[SESESESESESESIG) RS R S

.00169363
.000463926
.89399e-5
.000710309
. 00071501
.000122228
.000189173
.00040788
.000103212
.000352971
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The Hyper-dual Approach to ltos Lemma

We next implement the hyper-dual approach to Ito’s lemma to compute the drift and diffusion of the state variable s.

using ForwardDiff

function drift_hyper(V::Function, s::AbstractMatrix, m::LucasOrchard)
N, os, us = m.N, m.os(s), m.us(s) # Preallocations
F(e) = sum(V(s .+ os[i]l .*x (e / sqrt(2)) .+ ps .*x (€72 / (2 x N))) for i in 1:N)
return ForwardDiff.derivative(e —> ForwardDiff.derivative(F, €), 0.0)

end;

The implementation is virtually identical to that for the two-trees model.

e But now we are dealing with the case of multiple state variables and Brownian motions.

Q The importance of preallocations.

Relative to the two-trees model, we now preallocate arrays for the drift and diffusion of the state variable s,

¢ Instead of constructing them inside loopsoveri=1,... ,N.

¢ Inhigher-dimensional problems, preallocations avoid repeated memory allocation and garbage collection, improving performance.

N
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Neural Network Implementation

We next implement the neural network representation of the value function.

e We use essentially the same architecture as in the two-trees model.

e But now the input is the N-dimensional vector of state variables s;.

model = Chain(
Dense(m.N => 25, Lux.gelu),
Dense(25 => 25, Lux.gelu),
Dense(25 => 1)

)

Chain(
layer_1 = Dense(10 => 25, gelu_tanh), # 275 parameters
layer_2 = Dense(25 => 25, gelu_tanh), # 650 parameters
layer_3 = Dense(25 => 1), # 26 parameters
) # Total: 951 parameters,
# plus @ states.

We initialize the parameters and optimizer state using the Adam optimizer with a learning rate of 10~

ps, ls = Lux.setup(rng, model) |> f64
opt = Adam(le-3)
os = Optimisers.setup(opt, ps)

(layer_1 = (weight = Leaf(Adam(eta=0.001, beta=(0.9, 0.999), epsilon=1.0e-8), ([0.0 0.0 .. 0.0 0.0; 0.0 0.0 .. 0.0 0.0; .. ; 0.0 0.0 ..

We define the loss function and the target function as before.

loss_fn(ps, 1s, s, target) = mean(abs2, model(s, ps, 1s)[1] - target)

# Target
function target(v, s, m; At = 0.2)
vV = v(s)
hjb = s[1,:]1"' + drift_hyper(v, s, m) — m.p *x V
return vV + hjb *x At, mean(abs2, hjb) N

end; * 32/63
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Training the Neural Network

21
22
23
24
25

max_iter, At 40_000, 1.0
d_int ( (m.N))
d_edge (0.05 (m.N))

loss_history, loss_ema_history, a_ema Float64[], Float64[], 0.99

p (max_iter; desc , dt=1.0)
for i l:max_iter
if (rng) 0.50
s_batch (rng, d_int, 128)
else
s_batch (rng, d_edge, 128)
end
(s) (s, ps, ls)I1]
tgt, hjb_res (v, s_batch, m, At At)
loss, back = Zygote. (p (p,1ls,s_batch,tgt), ps)
grad ( (1.0))
0S, ps Optimisers.
loss_ema = i==1 ? loss
push!(loss_history, loss)
push!(loss_ema_history, loss_ema)
next!(p, showvalues = [(:iter, 1i),("Loss", loss),
("Loss EMA", loss_ema), ("HJIB residual™, hjb_res)])

(os,ps, grad)
: o_emaxloss_ema + (1.0-o_ema)*xloss

end

We sample from two Dirichlet distributions:

¢ Interior region: uniform distribution over the simplex.

e Boundary region: highly concentrated near the edges.

Loss
e Loss EMA

1072 -

Loss

I I ! ! I
0 10 20 30 40

Iteration (in thousands)

Training loss.

=
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Test set evaluation |

We next evaluate the model’s performance on out-of-sample test sets.

2 -
5 m=mm Prediction

=== FExact

20 |-

15 |-

10 |-

| | L | I
0.00 0.25 0.50 0.75 1.00
S1

Two-trees prediction.

We consider an extremely asymmetric configuration:

e s=(s1,1-151,0,...,0),the two-trees special case.

¢ This configuration lies outside the region used for training.

The network’s prediction replicates the analytical solution.

e Eventhough was not trained on this configuration,
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Test set evaluation i

Our second test set draws states from a symmetric Dirichlet distribution with parameters @ = acae(1,1, ... ,1)

e ... controls the concentration of points within the simplex.

e Samples are concentrated near the center (or edges) of the simplex when acale > 1 (or < 1).

a=[12,12,12] a=[08,0.8,0.8] 1073
100
g
&0 = 1074}
E
60 <
t
w &
jun)
20
106
01 02 03 04 05 06 07 08 09 1.0 1.1 12 13 14 15
Qscale
1073 -
15 —
m
wn
E 10-4 |
- =
10‘8 '_g
i)
[}
-
@
5
)
5 6 7 8 9 10
tree number
Dirichlet densities. ”
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Comparison with other methods

We next compare the DPI algorithm with other methods for solving high-dimensional dynamic models.

e We use the Lucas orchard model as a benchmark.

Finite-difference schemes become computationally infeasible beyond a few dimensions

e Chebyshev collocation on full tensor-product grids also suffers from exponential growth in cost.

We then compare the time to solution of the DPI algorithm with the Smolyak method (Smolyak (1963)).

e The Smolyak method is a sparse-grid technique for approximating multivariate functions

¢ |tis commonly used for solving high-dimensional dynamic models.
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Time to solution

Minutes of Training for accuracy < 108

—&— Mean squared errors
—®— 90th percentile (squared errors)

0.30 1
'y
P 'y
025 7 ®
" 0.20 A1 o !
i) (44 'Y
’
= ¢
>
0.15 1 w <Lv“‘
W“w '
.

0.10 1

0.05 1

20 40 60 80 100
Number of Trees

N 4

Notes: Figure shows the time-to-solution of the DPI algorithm, measured by the number of minutes required for the MSE or 90th-percentile squared error to fall below 107%. The
parameter valuesarep =0.04,y = 1,¢ =0.0,u = 0.015,and o = 0.1. The HJB residuals are computed on a random sample of 2'? points from the state space.

=
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Smolyak vs. DPI algorithm

20.0 7

17.5 1

15.0 1

12.5 1

Minutes
=
o
(an)

7.5 1
5.0 1
2.5 1

0.0 1

Notes: Figure compares the time-to-solution of the DPI method and the Smolyak methods of orders 2, 3, and 4. The tolerance is set to 1073, the highest accuracy threshold reached
by all Smolyak variants. The parameter valuesare p =0.04,y = 1,0 =0.0,u = 0.015,and o = 0.1. The HJB residuals are computed on a random sample of 2" points from the state

space.
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—o— Smolyak,
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V. Applications: Corporate Finance
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The Hennessy and Whited (2007) Model

We now apply the DPI algorithm to a corporate finance problem, a simplified version of the model in Hennessy, Whited (2007).

e This problemillustrates how the DPI algorithm can handle problems with kinks and inaction regions.

Consider a firm with operating profits 7(k;, z;) = e k¥. The firm faces linear equity issuance costs 4 > 0.
e Log productivity follows an Ornstein-Uhlenbeck process: e Operating profits net of adjustment costs are
dz; = -0(z; — Z)dt + o dB:, D*(k¢,zt,ir) = €k¥ — (ir + 0517 ) ki
where 6,0 > 0. where y > 0 is the adjustment cost parameter.

¢ Giveninvestment rate i; and depreciation rate §, capital evolves as e The firm’s dividend policy is given by

dkt =(it—5)ktdt. Dt=D;‘(1+llD;«<0).

The firm chooses the investment rate i; to maximize the expected discounted value of future dividends:

{il}tzo

U(SO) = max E [/ e—ps D(ks,Zs ,is) dS .
0

subject to the law of motion for the state vector s, = (k;,z;)".
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The HJB Equation

The HJB equation is given by

O = maX HJB(S7Z7U(S))7
1

where
HIB(s,1,0) = D(k, z,0) + VU uy(s, i) + 3 0(s,1) "Hsv 05(s, 1) — pv.

The first-order condition for the optimal investment rate is

0 HJB
di

= —(1 +A]~D*(k,Z,i)<0 ) [1 + )(l]k + Uk(S)k =0.

Consider a special case where there investment is fixed at i = § and productivity is constant 6 = g = 0.

¢ Inthis case, capital is constant

e From the HJB equation, we obtain the value function

ezka_ak .
okozy = 2029 e s o
’ P ez"‘;‘“‘ (1+2), ifk> kmux(2),

where knax (2) = (%)ﬁ
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Model struct and loss function

We start by defining the model struct.

1 @kwdef struct HennessyWhited

2 a::Float64 = 0.55

3 0::Float6d = 0.26

4 Z::Float64 = 0.0

5 o0z::Float64 = 0.123

6 6::Float6ed = 0.1

7 X::Float6ed4 = 0.1

8 A::Float64 = 0.059

9 p::Float64 = -10g(0.96)

10 Ms::Function = (s,i) —> vcat((i .- &) .x* s[1,:1', -8 .x (s[2,:]1 .- 2)")
11 0s: :Function = (s,i) —> vcat(zeros(1,size(s,2)), ozxones(1l,size(s,2)))
12 end;

The HJB is particularly simple in this case.

1 function hjb_special_case(m, s, 6v)

2 (; o, A, p, &) =m

3 k, z =sl1,:1", s[2,:1"'

4 D _star = exp.(z) .* k.o — 6 * k

5 D = D_star .x (1 .+ A *x (D_star .< 0))
6 hjb =D - p % v_net(s, 6v)

7 return hjb

3 end

Given the HJB residual, we can define the loss function.

1 function loss_v_special_case(m, s, 6v)
2 hjb = hjb_special_case(m, s, 0v)

3 return mean(abs2, hjb)

4 end

>
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Network architecture and training

We use a simple feedforward network with two hidden layers.

1 v_core = Chain(

2 Dense(2, 32, Lux.swish),
3 Dense(32, 24, Lux.swish),
4 Dense(24, 1)

5 )

To enforce the boundary condition, we multiply the network by a function of k that vanishes at zero.

e Aconvenient choice is g(k) = k*.

1 v_net(s, 6v) = (s[1,:].”m.a)' .%* v_core(s, 6., stv)[1]

We initialize the parameters, optimizer, and training parameters.

1 # Initialize the parameters and optimizer

2 rng = Xoshiro(1234)

3 Bv, stv = Lux.setup(rng, v_core) |> Lux.f64
4 opty = Optimisers.Adam(1le-3)

5 0Sv = Optimisers.setup(optv, 6v)

6

7 # Training parameters

8 max_iter = 300_000

9 dk = Uniform(0.0, 10.0)

10 dz = Normal(m.z, 0.10)
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Training history and value function for special case

1 loss_history_special_case = Float64[];
2 for it in 1:max_iter
3 s_batch = vcat(rand(rng, dk, 150)', rand(rng, dz, 150)")
4 lossv, backv = Zygote.pullback(p —> loss_v_special_case(m, s_batch, p), 6v)
5 gradv = first(back.(1.0))
6 0Sv, Ov = Optimisers.update(osv, 6v, gradv)
7 push!(loss_history_special_case, lossv)
8 if lossv < 1le-6
9 println("Iteration ", it, "| Loss_v =", lossv)
10 break
11 end
12 end
5
1072 -
0 -
1072 -
5
2 w
2 Y
— 10-4 | i’
—10 }
1075 |
—15
=== Exact:z=%z-—0.10
wess DNN :2 =Z +0.10
=== Exact:z=%z+0.10
1070 - I I I I ! —20 L L L L L
0 50 100 150 200 0.0 2.5 5.0 7.5 10.0
k

Iteration (in thousands)

Loss history
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A Q-theory of investment

Consider the case where there are no equity issuance costs, i.e., 4 = 0.

vi(k,2)-1
-

o We will solve for the optimal investment without using the first-order condition explicitly.

¢ Inthis case, the investment rate is given by the g-theory of investment: i(k, z) =

In addition to a neural network for the value function, we will also use a neural network for the optimal investment policy.

i_core = Chain(
Dense(2, 32, Lux.swish),
Dense(32, 24, Lux.swish),
Dense(24, 1)

)

i_net(s, 0:i) = i_core(s, 0i, sti)I[1]

# Initialize the parameters and optimizer

rng = Xoshiro(1234)

0i, sti = Lux.setup(rng, i_core) |> Lux.f64
opti = Optimisers.Adam(1le-3)

0Si = Optimisers.setup(opti, 06i)
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Implementing the implicit version of policy evaluation

We will use the implicit version of policy evaluation:

1
) = 0~ Y HIB(s, 6,0 Ve, HIBGs:, 0.6 ),

i=1

The term v, HJB(s;, G’C , 9{,—1 ) depends on the gradient and Hessian of the value function.

e Hence, this requires computing a third-order derivative of the value function.

¢ This type of mixed-mode automatic differentiation is not supported by many AD systems.

To overcome this challenge, we will use the hyper-dual approach to I1td6’s lemma.

e This requires computing a second derivative of a univariate function.
= With automatic differentiation, we would face the mixed-mode limitation.
¢ We will compute this second derivative using finite-differences.

= This way, Zygote never interacts with dual numbers, and can differentiate the HJB residuals without difficulty.
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The HJB residuals

First, we define a function that computes the second derivative of the value function using finite-differences.

e We consider the usual three-point stencil, but also include higher-order stencils as options.

end

function second_derivative_FD(F::Function, h::Float64; stencil::Symbol = :three)
if stencil == :nine
return (-9.0 .x F(-4h) .+ 128.0 .x F(-3h) .- 1008.0 .x F(-2h) .+ 8064.0 .x F(-h) .- 14350.0 .x F(0.0) .+ 8064.0 .x F(h
elseif stencil == :seven
return (2.0 .x F(-3h) .- 27.0 .x F(-2h) .+ 270.0 .x F(-h) .- 490.0 .* F(0.0) .+ 270.0 .x F(h) .- 27.0 .x F(2h) .+ 2.0
elseif stencil == :five
return (-F(2h) .+ 16.0 .* F(h) .- 30.0 .* F(0.0) .+ 16.0 .x F(-h) .- F(-2h)) ./ (12.0 % h"2)
else
return (F(h) - 2.0 *x F(0.0) + F(-h)) / (hxh) # Three point stencil
end

Given this function, we can define the HJB residual.

hjb =D + drift - m.p x v_net(s, 6v)
return hjb
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Loss functions and training parameters

First, we define the loss functions for the value function

¢ In this formulation, we minimize directly the mean squared HJB residuals.

function loss_v(m, s, 6v, 6i; h = 5e-2, stencil::Symbol = :nine)
hjb = hjb_residual(m, s, 6v, 8i; h = h, stencil = stencil)
return mean(abs2, hjb)

end

Next, we define the loss function for the optimal investment policy.

e The loss corresponds to minus the mean HJB residuals, as we want to maximize the right-hand side of the HJB equation.

function loss_i(m, s, 6v, 6i; h = 5e-2, stencil::Symbol = :nine)
hjb = hjb_residual(m, s, 6v, 6i; h = h, stencil = stencil)
return -mean(hjb)

end

Finally, we define the training parameters.

max_iter = 300_000

kmin, kmax =1.0, 8.0

dk = Uniform(kmin, kmax)

dz = Normal(m.Z, m.oz/sqrt(2.0%m.8))
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Training loop

We can now define the training loop.

24
25
26
27

loss_history_v = Float64[];
loss_history_i = Float64[];
nsteps_v, nsteps_i = 10, 1
for it in 1l:max_iter
s_batch = vcat(rand(rng, dk, 150)', rand(rng, dz, 150)"')
lossv, lossi = zero(Float64), zero(Float64)
# Policy evaluation step
for _ = l:nsteps_v
lossv, backv = Zygote.pullback(p —> loss_v(m, s_batch, p, 0i), 6v)

gradv = first(backv(1.0))
osv, 8v = Optimisers.update(osv, 8v, gradv)
end
# Policy improvement step
for _ = 1l:nsteps_1i
lossi, backi = Zygote.pullback(p -> loss_i(m, s_batch, 8., p), 8i)
gradi = first(backi(1.0))
0Si, Oi = Optimisers.update(osi, 6i, gradi)
end

# Compute loss

lossv = loss_v(m, s_batch, 8., 8i)
lossi = loss_i(m, s_batch, 6., 8i)
push!(loss_history_v, lossv)
push!(loss_history_i, lossi)

if max(lossv, abs(lossi)) < le-6
println("Iteration ", it, "| Loss_v =", lossv, "| Loss_i =", lossi)
break
end
end
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Training history and value function
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Optimal Dividend Policy and Investment Rate

We consider next the optimal dividend policy and investment rate for the full model with 4 > 0.

e We compare the results with the finite-difference solution.

0.75 1.50
.+ 2=087
z=1.00
0.50 1 1251 \ —_ z=1.15
1.001
0.251
e 0.75
0.00 N
E 5
4 =050
< —0.25 8
E E
a % 0.251
E
—0.50 1 E
0.00 1
—0.751
—0.251
~1.00 —0.501
~1.25 . . . . . . . —0.75 : : . . : . .
5 10 15 20 25 30 35 40 5 10 15 20 25 30 35 40
Capital Capital
Dividends Investment Rate
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Global sensitivity analysis

This problem has only two state variables, so it can be easily solved using finite differences

e But we are often interested in the solution for a large number of parameter values

e Forinstance, how does the solution vary with investment or equity issuance costs?

In particular, we are interested in knowing which equilibrium moments are more sensitive to parameters

e This way we know which aspects of the data are more informative about the parameters

e Toanswer these questions, we need to perform a global sensitivity analysis

Performing such global sensitivity analysis can be computationally very costly

¢ Using the DPI method, we can overcome this challenge
e Solution: add the vector of parameters to the state space

¢ Indeep-reinforcement learning, this is known as universal value functions
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Global sensitivity analysis results
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VI. Applications: Portfolio Choice
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Portfolio Choice with Realistic Dynamics

As our third application, we consider a portfolio choice problem with realistic dynamics

e The problem will feature a large number of state variables, shocks, and controls

We consider the problem of an investor with Epstein-Zin preferences

¢ Investor must choose consumption and portfolio

¢ Investor has access to 5 risky assets and a risk-free asset

Volatility is constant and expected returns are affine functions of the state x;, € R"
e The state variable follows a multivariate Ornstein-Uhlenbeck (O-U) process:

dXt = —CI)Xt + UXdBta

To ensure absence of arbitrage, expected returns are derived from a state-price density (SPD)
e The price of risk and interest rate are affine functions of the state

r(x;) =ro + l’lTXt, n(x,) = no + ﬂlTXt-
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State variables

List of State Variables Driving the Expected Returns of Assets

Variable Description

T Log Inflation

yf(l) Log 1-Year Nominal Yield

ysprf Log 5-Year Minus 1-Year Nominal Yield Spread
Az; Log Real GDP Growth

Ad; Log Stock Dividend-to-GDP Growth
d; Log Stock Dividend-to-GDP Level
pd; Log Stock Price-to-Dividend Ratio
Aty Log Tax Revenue-to-GDP Growth

T Log Tax Revenue-to-GDP Level

Ag Log Spending-to-GDP Growth

g Log Spending-to-GDP Level

Notes: The table shows the list of 11 state variables driving expected returns in our economy, along with their mean and standard deviation. The data are collected from

https://www.publicdebtvaluation.com/data. See Jiang, Lustig, Van Nieuwerburgh, Xiaolan (2024) for more details.

Mean
0.032
0.043
0.006
0.030
-0.002
-0.270
3.537
0.000
-1.739
0.006

-1.749

S.D. (%)
2.3

3.1

0.7

24

6.3
30.5
42.6

6.5
7.6

12.9
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Estimation of continuous-time SPD

State dynamics estimation
e Werun adiscrete time VAR on the n = 11 state variables:
x; = x| +uy.

e Find ® and ok such that the time-integrated continuous-time process coincides with VAR

State-price density estimation

e Find (ro,r;,n0,1n1) to minimize squared deviations of model-implied and data moments

¢ Moments: time-integrated time series for nominal yields, real yields, and expected stock returns
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Bond Yields and Equity Expected Returns
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Time Series of Expected Returns and Optimal Allocations
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Optimal allocation
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Optimal portfolio (continued)
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Conclusion

In this lecture, we learned methods that alleviate the three curses of dimensionality

1. Use deep neural networks to represent V (s)

2. Compute expectations using It6’s lemma and automatic differentiation

3. Gradient-based update rule that does not rely on root-finding procedures

The DPI algorithm allows us to solve high-dimensional problems

e Method is effective in situations where leading numerical methods fail

Ability to solve rich problems can be an invaluable tool in economic analysis

o We oftentimes make assumptions that have no clear economic interest

= Assumptions are made only for tractability reasons

e Our method enables researchers to focus on economically interesting models

= |nstead of focusing on models that we could easily solve

62 /63


file:///Users/dejanir/Documents/GitHub/ML_Course/quarto/_site/index.html

References

Duarte, Duarte, Silva.(2024). Machine learning for continuous-time finance. The Review of Financial
Studies. 37.(11).:3217-3271 retrieved, from
https://academic.oup.com/rfs/article/37/11/3217/7749384

Hennessy, Whited.(2007). How costly is external financing? Evidence from a structural estimation.
Journal of Finance. 62.(4).:1705-1745

Jiang, Lustig, Van Nieuwerburgh, Xiaolan.(2024). The u.s. Public debt valuation puzzle. Econometrica.

92.(4).:1309-1347

Martin.(2013). The lucas orchard. Econometrica. 81.(1).:55-111

Smolyak.(1963). Quadrature and interpolation formulas for tensor products of certain classes of
functions. Doklady akademii nauk. 148.:1042-1045

Sutton, Barto.(2018). Reinforcement learning: An introduction. retrieved, from
http://incompleteideas.net/book/the-book-2nd.html

63 /63


https://academic.oup.com/rfs/article/37/11/3217/7749384
https://doi.org/10.3982/ECTA17674
https://doi.org/10.3982/ECTA8446
http://incompleteideas.net/book/the-book-2nd.html
file:///Users/dejanir/Documents/GitHub/ML_Course/quarto/_site/index.html

